In the framework of Landau-Ginzburg-Devonshire (LGD) phenomenological theory, the influence of misfit strains, surface energy, and finite-size effects on phase diagrams, polar properties, and hysteresis loops has been calculated for multilayered thin films of the type ferroelectric/virtual ferroelectric. The influence of elastic deformations that arise at the interface thin film-substrate owing to a mismatch between the lattice constants in the film and the substrate on the phase diagrams of multilayered thin films virtual ferroelectric SrTiO 3 /ferroelectric BaTiO 3 has been studied for the first time. In contrast to bulk BaTiO 3 , in which only four phases (cubic, tetragonal, orthorhombic, and rhombohedral) can exist, it turned out that six thermodynamically stable BaTiO 3 phases (paraelectric phase and tetragonal (FEc), two monoclinic (FEaac and FEac), and two orthorhombic (FEa and FEaa) ferroelectric phases) can exist in multilayered SrTiO 3 /BaTiO 3 films. The main polar properties of hysteresis loops (shape, coercive field, and spontaneous polarization) in thin multilayered SrTiO 3 /BaTiO 3 films are calculated. It is shown that the system demonstrates a strong dependence of its polar properties on the thickness of SrTiO 3 and BaTiO 3 layers, as well as on the elastic misfit strains, with SrTiO 3 playing the role of dielectric layer: the thicker the layer, the stronger is the depolarization field, which, in its turn, reduces the spontaneous polarization in the BaTiO 3 film.
Introduction
Multilayer ferroelectric films are challenging objects for experimental and theoretical researches, because they demonstrate enhanced polar properties in comparison with monolayer films of the same thickness. However, the influence of misfit strains that arise owing to the difference between the elastic properties of the substrate and the multilayer film on the phase diagrams and the polar properties of and the hysteresis loops in multilayer thin films of the type ferroelectric/virtual ferroelectric has almost not been studied theoretically.
Current state of experimental researches dealing with the polar properties of multilayer ferroelectric films
Multilayer ferroelectric films and compositionally graded heterostructures demonstrate an enhanced spontaneous polarization, a huge pyroelectric response, and a large piezoelectric deformation (see, e.g., work [1] and the references therein). Electric and electromechanical properties of complicated oxide superfilms CaTiO 3 /BaTiO 3 are closely connected with the structure evolution and the electric polarization in every layer induced by an applied electric field. The coexistence of elastic deformations and rotations of oxygen octahedra near the interface between polar and nonpolar film layers allows this system to show a rich spectrum of nanoscaled phenomena. Multilayer materials with improved functional characteristics are of interest for the development of nanophysics and nanotechnology. For instance, a piezoelectric response to an applied electric field arises in the CaTiO 3 dielectric layers of nano-sized multilayer dielectric-ferroelectric films CaTiO 3 /BaTiO 3 [2, 3]. The measured piezoelectric coefficient of 54 pm/V agrees with the results of ab initio calculations, in which the tetragonal symmetry in the superfilm is supposed to be induced by the SrTiO 3 substrate.
Stephanovich et al.
[4] studied the ferroelectric phase transition and the formation of domains in a periodic multilayer film consisting of alternating ferro-and paraelectric nano-sized layers. They found that ferroelectric domains formed in different ferroelectric layers can interact with one another through the paraelectric layer. By minimizing the Ginzburg-Landau functional, those authors calculated the critical transition temperature T c as a function of the thickness of a multilayer ferro-/paraelectric film. However, the influence of the strains arising owing to a misfit between the substrate and the multilayer film on the polar properties of the system was not studied.
The theoretical approach is considered to be necessary in the effective search for thin films and their multilayer structures with considerably improved functional properties [5] . The development and the application of methods aimed at growing the thin films of functional oxides are at the beginning, and plenty of obstacles should be overcome expectedly for a better structural monitoring of layer quantity to be developed, as well as for the reproducibility and the monitoring of the corresponding electrophysical, polar, optical, and spintronic properties to be achieved.
Current state of theoretical researches
dealing with the polar properties of multilayer ferroelectric films 1.2.1. Theoretical calculations of polar properties of multilayer ferroelectric films Ab initio calculations [6] of polar and piezoelectric properties of a CaTiO 3 /BaTiO 3 superfilm grown up on a SrTiO 3 substrate showed that short-period superfilms have a higher spontaneous polarization than that of longperiod ones. A thermodynamic model [7] for the polarization and the dielectric response of ferro-/paraelectric bilayers and multilayer films was proposed. The strong electrostatic coupling between the layers was shown to suppress the ferroelectric behavior at a critical thickness of the paraelectric layer. A bilayer is characterized by a giant dielectric response, which is similar to the dielectric anomaly in a vicinity of the Curie-Weiss temperature in a homogeneous ferroelectric with a critical thickness. The numerical analysis carried out for a pseudomorphic (001) heteroepitaxial BaTiO 3 /SrTiO 3 bilayer on a (001) SrTiO 3 substrate and an undeformed BaTiO 3 /SrTiO 3 bilayer showed that the polarization and the dielectric peak disappear totally at SrTiO 3 contents of about 66 and 14% in those two systems, respectively. It was shown from the first principles that the ground state of a system consisting of a multilayer film of the type ferroelectric/paraelectric, PbTiO 3 /SrTiO 3 , is not purely ferroelectric. It also includes antiferrodistortive rotations of oxygen octahedra, which are an analog of nonintrinsic ferroelectricity. In addition, the dielectric response of the system was found to have a weak temperature dependence. The results obtained theoretically were demonstrated to agree with those of experimental observations [8] .
Fong et al. [9] connected the critical character of the thickness of a thin ferroelectric film with the presence of a near-surface layer, which includes rotated oxygen octahedra reconstructed into a surface antiferrodistortive structure.
Theoretical calculations of polar properties of multilayer ferroelectric films in the framework of LGD phenomenological theory
Numerical calculations were carried out for heteroepitaxial (001) bilayers and (001) multilayer PbTiO 3 /SrTiO 3 (PTO/STO) structures on (001) STO substrates. Similarly to the temperature dependence inherent to a homogeneous ferroelectric, there exists a critical value for the PTO layer, below which the bilayer or multilayer film is in the paraelectric state. This critical thickness depends strongly on the density of coupled charges at the interface between the films. The results of calculations for the dielectric response show that the ferroelectric phase transition, which is well-pronounced for uncharged bilayers and superfilms, gets smeared, and the total dielectric constant decreases, as the charge density increases [10, 11] . In works [10, 11] , the nonlinear thermodynamic model was used to study the role of interfaces in the polarization response of a ferroelectric-paraelectric bilayer, and the numerical analysis was made for a BTO/STO bilayer. The critical thickness was predicted for SrTiO 3 , at which the spontaneous polarization in BaTiO 3 should disappear owing to the growth of the depolarization field. The critical thickness was demonstrated to decrease together with a reduction of the total bilayer thickness, by indicating the fact that the interface effects are more pronounced in thinner bilayers [12] . The LGD formalism enables the ferroelectric properties of many materials to be described adequately. In most cases, only one phase characterized by the components of its polarization oriented in the film plane was revealed in thin films of ferroelectric perovskites (see, e.g., works [13] [14] [15] ). In particular, the properties of phase transitions and mechanisms of domain structure formation in films consisting of alternating ferroelectric and paraelectric nano-sized layers were studied. The domain structure period and the temperatures of phase transitions were found to depend on the thickness of ferro-and paraelectric layers [4] . By analyzing the literature, it is possible to conclude that, up to now, the influence of misfit strains, which arise owing to the difference between the elastic properties of the substrate and the multilayer film, on the phase diagrams, polar properties, and hysteresis loops in multilayer thin films of the type ferroelectric/virtual ferroelectric has not been studied enough theoretically. Therefore, in what follows, we consider multilayer films consisting of films of different materials.
Mathematical Formulation of the Problem
This work is aimed at (i) calculating the influence of misfit strains, surface energy, and size effects (i.e. the dependence on the ratio between the layer thicknesses) on the phase diagrams, polar properties, and hysteresis loops in thin multilayer films of the type ferroelectric/virtual ferroelectric material and (ii) establishing the influence of elastic deformations that arise at the interface between the thin film and the substrate owing to a mismatch between their lattice constants on the phase diagrams of thin multilayer thin films virtual ferroelectric (SrTiO 3 )/ferroelectric (BaTiO 3 ). Probable monodomain configurations of the polarization in a multilayer BTO/STO film are illustrated in Fig. 1 .
Monodomain states of the system can be described analytically, because the corresponding problem is reduced to a one-dimensional one. Those states can be realized in the case of defect-free multilayer films sandwiched between two conducting electrodes. The monodomain state has a lower correlation energy and a lower energy of domain walls than the polydomain one has. For a film without electrodes (or with semiconductor electrodes), the polydomain state is energetically beneficial, because it has a lower depolarization field, although the energy of domain walls is higher. As is shown below, the monodomain state corresponds expectedly to solitary hysteresis loops of ferroelectric polarization.
The free energy functional for the multilayer system depicted in Fig. 1 includes the energy of every layer and the energies of interfaces,
Here, we introduced the following notation: h i is the thickness of the i-th layer, and z i is the position of interface between different layers, so that z i = j=i j=1 h j and z 0 = 0. The surface energy (1c) is similar to that of a monolayer. The last term corresponds to the interaction between polarization components belonging to neighbor layers [16] . The expression for the surface energy includes only the terms, which are allowed by the tetragonal symmetry. The terms linear in P (i) 3 are excluded, because they would result in a spontaneous polarization of the nonpolar paraelectric phase. From the condition of polarization continuity, we adopt that α
in Eq. (1c). The surface terms in Eq. (1c) have a meaning of the squared polarization gradient between layers (see work [17] ); in particular, in the limiting case γ
The density of the bulk part of the free energy ∆F b for the paraelectric phase with initial symmetry m3m, which corresponds to the symmetry of every BaTiO 3 or SrTiO 3 layer, can be written down as a Taylor expansion in the polarization components P k (k = 1, 2, 3):
Here, we used the Voigt notation and the Cartesian coordinates. The surface cross-section (100) is considered. The quantities g ij are the gradient coefficients of the ferroelectric. We also take into account that the equilibrium state for the thin film on the substrate will be found as a minimum of the Helmholtz free energy F = G + V u jk X jk d 3 r, which can be obtained from the Hibbs free energy using the Legendre transformation [18] .
The mismatch of the lattice constants between the film and the substrate causes a redefinition of the free energy coefficients due to the misfit strain u
that emerges between the multilayer film and the substrate,
Here, α
and α (i) ij are the dielectric rigidity and the rigidity coefficients of higher order at a constant pressure, s 11 and s 12 are the coefficients of elastic compliance, Q ij is the electrostriction tensor, and u m is the misfit strain between the film and the substrate. The influence of misfit dislocations stimulates a relaxation of misfit strains. This fact can be taken into account by redefining u m (see, e.g., [19] ).
The quantity E e 3 in Eq. (2) is the external field, and E d 3 is the depolarization field arising owing to an incomplete screening of the polarization by the environment, a non-uniform distribution of the polarization, and/or its disappearance at the surface. For a one-dimensional distribution, the quantity E d 3 has the form
where
b is the background dielectric permittivity of the i-th layer, which is not connected with the soft optical mode [20] , and P
3 dz is the average polarization of the i-th layer.
Below, we consider a periodic multilayer film with the geometrical period consisting of two layers, h 1 and h 2 . The polarization distribution over different superperiods h 1 + h 2 is supposed to be the same, which is valid, if the coefficients in the surface energy are independent of the surface arrangement. In the case of a one-dimensional distribution, the expression for the depolarization field can be simplified as follows:
One can see that the normal component of the polarization in a layer affects the normal component of the polarization in the other layer by means of the internal electric field.
Coupled Equations
The variation of the free energy functional brings about the following system of nonlinear Euler-Lagrange equations with the corresponding boundary conditions:
Equations (7) are valid for every layer designated by the index "(i)". The electric field E
+ E e 3 . The extrapolation length λ i = g 1i /α was introduced, and its experimental values fall within the interval λ = 0.5 ÷ 50 nm [21] .
The function
where i, j, k = 1, 2, 3 and i = j = k, depends on the fifth power of the polarization and, therefore, can be omitted for ferroelectrics with a second-kind phase transition. It is evident that the interlayer coupling is possible by means of the depolarization field and the surface interaction.
In the case of multilayer periodic systems with identical coefficients in the free energy expansion (γ
, one may expect that the polarizations inside layers with identical structures would also be identical. Bearing in mind this simplification, we can transform Eqs. (7) into the following systems of equations with the corresponding boundary conditions:
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Equations (8) and (9) correspond to layers (1) and (2), respectively, of the film. The polarization components for those layers are as follows: the components P are not oriented in the film plane, whereas the components (P
i ) 2 = (P
1 ) 2 = (P
2 ) 2 and (P
2 ) 2 do. 
Results of Numerical Simulation in 1D Monodomain Case
Let us numerically examine the one-dimensional monodomain case where (P
i ) 2 ≡ 0 and P (1,2) 3 = 0, as is illustrated in Fig. 1,a. The material parameters for a multilayer BTO/STO film, which were used at the simulation, are quoted in Appendix.
The most important characteristic of the polarization switching in a multilayer film is the coercive field and the spontaneous polarization (see an example in Fig. 2) . The corresponding dependences of the coercive field on the thickness of the virtual ferroelectric (STO) film calculated for various thicknesses of the ferroelectric (BTO) layer are depicted in Fig. 3 ,a. It is evident that the coercive field falls down as the thickness of STO film increases, so that STO plays a role of a dielectric layer: the thicker the layer, the stronger is the depolarization field (4), which, in its turn, depresses the ferroelectric properties of the BTO film. On the other hand, the coercive field increases with the BTO film thickness (cf. different curves).
The dependences of the coercive field on the BTO ferroelectric film thickness for various thicknesses of the STO layer are exhibited in Fig. 3,b. One can see that the coercive field monotonously grows with the BTO film thickness, which means that the thicker BTO layer possesses stronger ferroelectric properties. On the other hand, the coercive field diminishes, when the STO film thickness increases, and, as a result, the depolarization field grows (cf. different curves). The corresponding dependences of the spontaneous polarization on the thickness of the STO virtual ferroelectric layer are shown in Fig. 4 ,a for various thicknesses of the BTO film. One can see that the spontaneous polarization monotonously decreases with the increase of the STO film thickness, so that STO plays the role of a dielectric layer: the thicker the layer, the stronger is the depolarization field, which, in its turn, reduces the spontaneous polarization of the BTO film. On the other hand, the spontaneous polarization grows with the BTO film thickness (cf. different curves).
The dependences of the spontaneous polarization on the BTO ferroelectric layer thickness for various thicknesses of the STO film are shown in Fig. 4 ,b. One can see that the spontaneous polarization monotonously increases with the BTO film thickness and saturates tending to a bulk value of 0.26 C/m 2 inherent to the thinnest STO film. Therefore, the thicker the BTO layer, the stronger are its ferroelectric properties. On the other hand, the spontaneous polarization decreases with the increase of the STO film thickness, because the depolarization field grows (cf. different curves).
Calculation of Multilayer-Film Phase Diagram
To calculate the phase boundaries analytically, the linear dielectric susceptibility must be determined. The singularity in this parameter corresponds to the boundary between the para-and ferroelectric BTO phases. The linear dielectric susceptibility is determined from the lin-earized solution of Eq. (9) as χ
. The results obtained are presented below.
Boundary between ferroelectric aa-phase and paraelectric phase
The polarization components in the aa-phase are P m , h 1 , h 2 , Tcoordinates is determined from the equations
Here, the transverse correlation length l
is introduced, and it is supposed that a
1,2 > 0. In the case where a 
In accordance with Eq. (3), Eqs. (10) .
Boundary between the ferroelectric c-phase and the paraelectric phase
In the c-phase, the polarization components are P m , h 1 , h 2 , Tcoordinates is determined from the equations
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is introduced, and the equalities γ 
≈ 0. The dashed line bounds the region, where the thicknesses of both films are smaller than 5 lattice constants. Here, the coefficients of the free energy expansion in the framework of a phenomenological theory are unknown, because it cannot be applied owing to quantum-size effects. On such scales, the methods of density functional theory have to be used in calculations.
The boundaries between the BTO ferroelectric phases in the u (i) m , h 1 , h 2 , T -coordinates were calculated numerically.
Phase diagram of multilayer
SrTiO 3 /BaTiO 3 films
The phase diagrams for a thin BTO film and multilayer SrTiO 3 /BaTiO 3 films are shown in Fig. 6 . As one can see, the boundaries between the paraelectric (PE) and ferroelectric (FE) phases are straight lines.
It turned out that there can exist six thermodynamically stable phases in multilayered SrTiO 3 /BaTiO 3 films-one paraelectric phase and five ferroelectric ones: a tetragonal (FEc), two monoclinic (FEaac and FEac), and two orthorhombic (FEa and FEaa) phases. Such a situation takes place in contrast to bulk BaTiO 3 , for which only four phases (paraelectric, tetragonal, orthorhombic, and rhombohedral) exist [22] .
Qualitatively, the phase diagrams of thin BTO and multilayer SrTiO 3 /BaTiO 3 films are similar. The quantitative difference consists in that the range of the paraelectric phase extends with the increase of the SrTiO 3 layer thickness, because SrTiO 3 plays the role of a dielectric layer: the thicker the layer, the stronger is the depolarization field, which, in its turn, reduces the spontaneous polarization of the BaTiO 3 film. Simultaneously, the regions of the FEc (P = 0) phases decrease, being governed by the same mechanism. The phase boundaries change their shapes, as the thickness of SrTiO 3 layers increases. It is evident that the existence range for the PE phase is minimal for a thin film, whereas, for multilayer films, it is larger for thicker STO layers. STO plays the role of a dielectric interlayer, which weakens the ferroelectric properties of a multilayer film. The boundary of the PE phase with other phases looks like a straight line. The total area of FE regions, where P (i) 3 = 0, decreases with the increase of the STO layer thickness. In other words, it is beneficial for multilayer films with thick STO layers to be polarized in the film plane. Every phase diagram depicted in Fig. 6 includes six thermodynamically stable BaTiO 3 phases.
Conclusions
The main polar properties of hysteresis loops (shape, coercive field, and spontaneous polarization) for thin multilayer films have been calculated. It was shown that, in the system concerned, there exists a strong dependence of their polar properties on the thickness of SrTiO and BaTiO layers. In particular, 1) the coercive field monotonously grows with the BTO film thickness; on the other hand, it decreases as the thickness of the SrTiO 3 film grows, and, as a result, the depolarization electric field increases; 2) the spontaneous polarization monotonously decreases as the SrTiO 3 film thickness grows, so that SrTiO 3 plays the role of a dielectric layer: the thicker the layer, the stronger is the depolarization field, which, in its turn, reduces the spontaneous polarization of the BaTiO 3 film; on the other hand, the spontaneous polarization grows with the BaTiO 3 film thickness; 3) the spontaneous polarization firstly monotonically increases with the BTO film thickness and then saturates, by approaching a bulk value of 0.26 C/m 2 inherent to a thin SrTiO 3 film; the thicker the BaTiO 3 layer, the stronger are its ferroelectric properties; on the other hand, the spontaneous polarization decreases with the growth of the SrTiO 3 film thickness, owing to the growth of the depolarization field; 4) the thickness of the BTO layer, at which the system transforms into the ferroelectric phase, linearly grows with the STO layer thickness; 5) it turned out that six thermodynamically stable BaTiO 3 phases -one paraelectric and five ferroelectric (tetragonal FEc, two monoclinic FEaac and FEac, and two orthorhombic FEa and FEaa) -can exist in multilayer SrTiO 3 /BaTiO 3 films, in contrast to bulk BaTiO 3 , where only four phases exist (paraelectric, tetragonal, orthorhombic, and rhombohedral ones). The parameter values were taken from work [23] 
